Reconnections of coherent filamentary structures play a key role in the dynamics of fluids, redistributing energy and helicity among the length scales, triggering dissipative effects and inducing fine-scale mixing. Unlike ordinary (classical) fluids where vorticity is a continuous field, in superfluid helium and in atomic Bose-Einstein condensates (BECs) vorticity takes the form of isolated quantised vortex lines, which are conceptually easier to study. New experimental techniques now allow visualisation of individual vortex reconnections in helium and condensates. It has long being suspected that reconnections obey universal laws, particularly a universal scaling with time of the minimum distance between vortices δ. Here we perform a comprehensive analysis of this scaling across a range of scenarios relevant to superfluid helium and trapped condensates, combining our own numerical simulations with the previous results in the literature. We reveal that the scaling exhibit two distinct regimes: a δ ∼ t 1/2 scaling arising from the mutual interaction of the reconnecting strands and a δ ∼ t scaling when extrinsic factors drive the individual vortices.
Reconnections of coherent filamentary structures ( Fig. 1 ) play a fundamental role in the dynamics of plasmas (from astrophysics [1] [2] [3] to confined nuclear fusion), nematic liquid crystals [4] , polymers and macromolecules [5] (including DNA [6] ), optical beams [7, 8] , ordinary (classical) fluids [9] [10] [11] and quantum fluids [12, 13] . In fluids, the coherent structures consist of concentrated vorticity, whose character depends on the classical or quantum nature of the fluid: in classical fluids (air, water etc.), vorticity is a continuous field and the interacting structures are vortex tubes of arbitrary core size around which the circulation of the velocity field is unconstrained; in quantum fluids (atomic Bose-Einstein Condensates (BECs), and superfluid 4 He and 3 He), the structures are isolated one-dimensional vortex lines, corresponding to topological defects of the governing order parameter around which the velocity's circulation is quantized [14] [15] [16] [17] .
The discrete nature of quantum vortices makes them ideal for the study of vortex reconnections, which assume the form of isolated, dramatic events, strongly localised in space and time. First conjectured by Feynman [15] and then numerically predicted [19] , quantum vortex reconnections been observed only recently, both in superfluid 4 He [20] (indirectly, using tracer particles) and in BECs [21] (directly, using an innovative stroboscopic visualisation technique).
Vortex reconnections are crucial in redistributing the kinetic energy of turbulent superfluids. In some regimes, they trigger a turbulent energy cascade [22] in which vortex lines self-organise in bundles [23] , generating the same Kolmogorov spectrum of classical turbulence [22, [24] [25] [26] [27] .
FIG. 1. Reconnecting vortex lines exchanging strands.
Schematic vortex configurations before the reconnection (left) and after (right); the vortices' shape is as determined analytically by Nazarenko and West [18] . Color gradient along the vortices and blue/red arrows indicate the directions of the vorticity along the vortices and the direction of the flow velocity around them. Dashed black arrows indicate the vortex motion, first towards each others, then away from each others.
By altering the topology of the flow [28] , reconnections also seem to redistribute its helicity [29, 30] , although the precise definition of helicity in superfluids is currently debated [30] [31] [32] , and the effects of reconnections [33] [34] [35] [36] on its geometric ingredients (link, writhe and twist) are still discussed. In the low-temperature limit, viscous or friction losses are negligible, and reconnections are the ultimate mechanism for the dissipation of the incompressible kinetic energy of the superfluid via sound radiation at the reconnecting event [37, 38] followed by further sound emission by the Kelvin wave cascade [39] [40] [41] which fol-lows the relaxation of the reconnection cusps.
IS THERE A UNIVERSAL ROUTE TO RECONNECTION ?
Many authors have focused on the possibility that there is a universal route to reconnection, which may take the form of a vortex ring cascade [42, 43] , a particular rule for the cusp angles [44, 45] , or, more promising, a special scaling with time of the minimum distance δ(t) between the reconnecting vortex strands. It is on the last property that we concentrate our attention.
Several studies have observed a symmetrical pre/post reconnection scaling of δ(t) [18, 44, [46] [47] [48] ; others have suggested an asymmetrical scaling ascribed to acoustic energy losses [38, 49, 50] , similar to the asymmetry observed in classical Navier-Stokes fluids [51] . In Fig. 2 we present a comprehensive summary of the scaling of δ(t), combining previous numerical and experimental results with data computed in the present study; this spans an impressive eight orders of magnitude.
FIG. 2.
Minimum distance between reconnecting vortices: past and present results. All data reported describe the behaviour of the rescaled minimum distance δ * between vortices as a function of the rescaled temporal distance to the reconnection event t * . Empty (filled) symbols refer to pre (post) -reconnection dynamics. GP simulations:
Ref. [50] ; Ref. [48] ; ♦ ♦ ♦ Ref. [38] ;
• and , present simulations, ring-vortex collision and orthogonal reconnection, respectively. VFM simulations:
Ref. [44] ; present simulations, ring-line collision. Experiments:
Ref. [46] .
The aim of this paper is to reveal that there are two distinct scaling regimes for δ(t). In addition to the known [18, 44, [46] [47] [48] We conjecture that, in the system under consideration (superfluid helium, atomic BECs), δ depends only upon the following physical variables: the time t from the reconnection, the quantum of circulation κ of the superfluid, a characteristic lengthscale associated to the geometry of the vortex configuration, the fluid's density ρ, and the density gradient ∇ρ. We hence postulate the following functional form
Following the standard procedure of the Buckingham π-theorem [52] (see Supporting Information SI.1 for details), we derive the following scalings:
where C 1 , C 2 and C 3 are dimensionless constants. Physically, the δ ∼ t 1/2 scaling of Eq. (2) identifies the quantum of circulation κ as the only relevant parameter driving the reconnection dynamics [20] .
Equations (3, 4) , however, introduce the new δ ∼ t scaling. This scaling suggests the presence of a characteristic velocity which drives the approach/separation of the vortex lines. Indeed, we can offer some physical examples of these velocities. If is the radius of a vortex ring, then v = C 2 (κ/ ) is, to a first approximation, the self-induced velocity of the ring. Alternatively, if is equal to the distance of a vortex to a sharp boundary in an otherwise homogeneous BEC (such as arises for BEC confined by box traps), then v is the self-induced vortex velocity arising from the presence of an image vortex. Finally, if the BEC density is smoothly-varying (such as arises for BECs confined by harmonic traps) then v ∇ρ = C 3 (κ∇ρ/ρ) is precisely the individual velocity of a vortex induced by the density gradients, C 3 depending on the trap's geometry [53, 54] . In the next section we will see how these scalings, and the crossover, emerge in typical scenarios through numerical simulations.
NUMERICAL SIMULATIONS
There are two established models of quantum vortex dynamics: the Gross-Pitaevskii (GP) model and the Vortex Filament (VF) method. The former describes a weakly-interacting BEC in the zero-temperature limit [55] , the latter is based on the classical Biot-Savart law describing the velocity field of a given vorticity distribution, which in our case is concentrated on space curves [56, 57] .
The main difference between GP and VF models is the probed lengthscales of the flow. The GP equation is a microscopic, compressible model, capable of describing density fluctuations and lengthscales smaller than the vortex core a 0 . In the GP model, vortices are identified as topological phase defects of the condensate wavefunction Ψ, and reconnections are solutions of the GP equation itself. On the other hand, the VF method is a mesoscopic incompressible model, probing the features of the flow at lengthscales much larger than the vortex core, typically 10 4 a 0 or 10 5 a 0 , neglecting any density perturbation created by moving vortices and the density depletions represented by the vortex cores themselves. In the VF model, vortex lines are discretised employing a set of Lagrangian points whose dynamics is governed by the classical BiotSavart law, and vortex reconnections are performed by an ad hoc 'cut-and-paste' algorithm [56, 58] .
In the present study, we employ both GP and VF models to investigate the scaling with time of the minimum distance δ between reconnecting vortices. Technical details of these methods are described in Supporting Information SI.5. Distinctive of our simulations is the larger initial distance δ 0 compared to past numerical studies (5 to 20 times larger in GP simulations, 100 to 1000 larger in VF ones). We also extend the use of the GP model to inhomogeneous, confined BECs where vortex reconnections can now be investigate experimentally with unprecedented resolution [21] .
Homogeneous unbounded systems
The first case which we consider is when reconnecting vortices are initially orthogonal to each other. This set-up, and the results for δ(t), are shown in Fig. 3 (left) and reported in movies M1. Previous GP simulations of this geometry used initial distances δ 0 6 ξ, where ξ = / √ 2mgn is the healing length of the system (a 0 ≈ 4 ξ to 5 ξ), and m, g and n are the boson mass, the repulsive strength of boson interaction and the density of bosons respectively. Here we extend the investigations to initial distances δ 0 ≈ 30 ξ. Introducing the rescaled distance δ * = δ/ξ and time t * = |t − t r |/τ (where t r is the reconnection instant and τ = ξ/c, c = gn/m being the speed of sound in a homogeneous BEC), we observe that for δ * 5 (when the vortex cores start merging) a symmetrical t * 1/2 scaling emerges clearly for both preand post-reconnection dynamics. This is consistent with recent GP simulations [48] and in conflict with other numerical GP studies [38, 50] . For larger distances, this t * 1/2 scaling still holds for post-reconnection dynamics, while the exponent slightly decreases in the approach dynamics due to the slow initial vortex motion. As pointed out in past studies [38, [48] [49] [50] , we find that the vortex lines move faster after the reconnection than before it. The pre-reconnection motion is very similar for all three initial distances δ 0 . However, we note the slight deviation from the t 1/2 behaviour at early times, obviously influenced by the initial conditions, and the slight sensitivity to the initial distance δ * 0 . The second case which we consider is a vortex ring reconnecting with an isolated initially straight vortex line (see movies M2). Figure 3 (right) illustrates this scenario and presents the behaviour of δ(t). We vary the initial radius of the ring (R * 0 = R 0 /ξ = 5, 7.5 and 10), while keeping constant its initial distance δ * 0 = 100 to the line. We first focus on the pre-reconnection evolution of δ(t). This clearly reveals the two distinct scalings predicted by the dimensional analysis:
where a 1/2 and a 1 are constant prefactors corresponding, respectively, to (C 1 κ) 1/2 in Eq. (2) and v or v ∇ρ in Eqs. (3) or (4). To our knowledge, the linear scaling has not been reported in previous studies. We also note that the crossover between these two regimes occurs at a distance of δ c ∼ 5ξ; we will revisit the importance of this scale later.
The linear scaling implies that dδ * /dt * is constant: at large distances, the relative velocity between the two points at minimum distance, x ring (on the vortex ring) and x line (on the vortex line), projected on the separation vector δ = x ring − x line , is constant with respect to time. We argue that, at large separation distances dδ * /dt * is approximately equal to the initial speed of the vortex ring [59] :
The self-induced velocity of the vortex ring v ring thus plays the role of the characteristic velocity v in Eq. (3). We make the notation compact and rewrite Eq. (7) as v * ring
5 ξ is the average radius of the three simulations, and R 0 = R 0 /R 0 . We then arrive at the result that Eq. (6) takes the form δ * (t * ) ∼ Cf ( R 0 ) t * . This is confirmed in Fig. 3 (right, inset): when δ * is rescaled as δ * /f ( R 0 ) the curves collapse onto a single curve in the δ ∼ t regime. The clear t * 1/2 scaling for δ * 5 is consistent with that seen for the orthogonal reconnection. This is to be expected: at sufficiently small distances, the approach/separation is governed by the mutual interaction of the two vortices, dδ * /dt * ∝ κ/(4πδ * ) [44] , leading straightforwardly to the scaling δ
We suggest that these two scalings correspond to a crossover from interaction-dominated motion of the reconnecting strands (δ * ∼ t * 1/2 scaling) to the self-driven (curvature-driven) motion of the ring (δ * ∼ t * scaling). To check this conjecture, Fig. 4 shows the contribution of the local vortex curvature v γ to the approach velocity dδ * /dt * for ring-line reconnections (see Supporting Information SI.2 for the calculation of v γ ). We see that the contribution from the local vortex curvature to the approach velocity drops dramatically for t * 10, corresponding exactly to the onset of the t * 1/2 scaling, supporting this picture.
The crossover between the two scalings, however, is less apparent in the post-reconnection dynamics, and for two main reasons. Firstly, both vortices become perturbed by propagating Kelvin-waves; secondly, the travelling velocity of the perturbed vortex ring is not constant [60] [61] [62] . These Kelvin waves generate sound waves [63, 64] dissipating the incompressible kinetic energy, leading to a decrease of the length of the vortex ring and a damping of the oscillations' amplitude. When these oscillations die out (e.g. in the simulation with R * 0 = 5, see Fig.  3 (right)), and the vortex ring regains its circular shape travelling at constant velocity away from the vortex line, we recover the expected δ * ∼ t * scaling. The same qualitative behaviour for the orthogonal vortices and ring-line scenario is recovered in VF simulations (see Supporting Information SI.3, Fig. S1 ). However, in the latter scenario, the crossover from t * 1/2 to t * scaling occurs at a larger lengthscale than in the GP simulations. Here, the distance δ c at which the crossover takes place is determined by the spatial resolution ∆ζ used to discretize the vortex lines, which constrains the smallest numerically-resolved radius of curvature to R c,min ∼ 5∆ζ, hence limiting the maximum curvature-driven velocity. As a consequence, when the minimum distance δ is smaller than the threshold distance δ c ∼ R c,min ξ, the interaction regimes still prevails, producing t * 1/2 scaling even at distances much larger than the healing length. 
Trapped systems
Since it is now experimentally possible to visualise individual quantum reconnections in trapped atomic BECs [21, 65] , we test the above results under such realistic experimental set-ups. We consider two classes of traps: the widely-employed harmonic traps [66] (Figs. 5 and 6 and movies M3) and the recently-designed box-traps [67, 68] (see Supportive Information SI.4 and movies M4). We employ GP simulations throughout this analysis (the VF model is not suitable for inhomogeneous systems).
In harmonic traps the condensate is inhomogeneous (the density is larger near the centre) and individual motion of the vortices (responsible for the linear scaling) is determined by their curvature and the density gradients [53, 54, 69] . In box-traps the condensate's density is constant (with the exception of a thin layer of width of the order of the healing length near the boundary), and the individual vortex motion is driven by image vortices with respect to the boundaries [70] . We exploit these selfdriven vortex motions to analyse reconnections starting from initial distances significantly larger than previous numerical simulations (up to 20 times larger). Consider first the harmonic trap case; the initial configuration is shown in Fig. 5 . The condensate is taken to be cigar-shaped, with the long axis along x (the trapping frequency ω x along x is smaller than those in the transverse directions, ω y = ω z = ω ⊥ ). In this geometry, a single straight vortex line imprinted off center on a radial plane is known to orbit around the center of the condensate [71, 72] along an elliptical orbit perpendicular to itself. The vortex follows a trajectory of constant energy [54] which is uniquely determined by the orbit parameter χ = x 0 /R x = r 0 /R ⊥ , where x 0 and r 0 are the axial and radial semi-axes of the ellipse, and R x and R ⊥ are the axial and radial Thomas-Fermi radii respectively. The period T of this orbit decreases with increasing χ [54, 65, [73] [74] [75] 
, where ξ c is the healing length at the center of the trap. Hence, outer vortices (with larger values of χ) move faster. If two orthogonal vortices are imprinted on radial planes, intersecting the (long) x axis at opposite positions ±x 0 , distinct vortex interactions can occur (vortex rebounds, vortex reconnections, double reconnections, ejections) depending on the value of the orbit parameter χ [21] . Results presented here refer to three different values of χ, all engendering vortex reconnections: χ = 0.35, 0.5, 0.6. The pre-reconnection evolution of δ * = δ/ξ c is reported in Fig. 6 (left) . As for the ringline reconnection, we observe a cross-over from t * 1/2 to t * scaling. This occurs for all values of χ. Moreover, the t * 1/2 scaling again occurs in the region δ * 5, suggesting that this feature is universal for vortex reconnections in BECs.
If we rescale the minimum distance δ with the healing length ξ r evaluated at the reconnection point x r , ξ r = 2gmn TF (x r ) (n TF (x r ) being the condensate particle density according to the Thomas-Fermi approximation), the curves corresponding to distinct values of χ overlap for δ * r = δ/ξ r 5 (see the inset of the right panel of Fig. 6 ). This result implies that ξ r (hence the radius of the vortex core) is the correct lengthscale which characterises the approach dynamics when vortex cores start merging. Furthermore, the dependence of ξ r on mn TF (x r ) indicates that mass density ρ = mn itself plays a significant role in determining the minimum distance δ -this is exactly why we included ρ in the set of physical variables when applying Buckingham's π-Theorem.
Another similarity between reconnections in harmonic traps and other geometries is the faster post-reconnection dynamics, as seen in the inset of Fig. 6 (left) . This velocity difference between approach and separation (related to an increase of the local vortex curvature in the reconnection process and to an emission of acoustic energy [76] ) seems a universal feature of quantum vortex reconnections [48] and also observed in simulations of reconnecting classical vortex tubes [51] . Figure 6 (left) shows that dδ * dt * is constant for t * 20 before the reconnection, increasing with increasing values of the orbital parameter χ (this is not surprising since isolated vortices move faster on outer orbits). It seems reasonable to assume that dδ * dt * = Cf (χ), where f (χ) = χ 1 − χ 2 and C is a constant which depends on the trap's geometry. Indeed, the magnitude of the vortex velocity induced by both density gradients [54, 69, 77] and vortex curvature (assuming, for simplicity, that the shape of the vortex is an arc of a circle) are proportional to f (χ). As a consequence, we expect that δ * (t * ) ∼ Cf (χ) t * for t * 20. This conjecture is confirmed in Fig. 6 (right): when plotted as δ * /f (χ), the curves for different χ collapse onto a universal curve in this region. We stress that although we have numerically identified the dependence of dδ * /dt * on χ at large distances, we still lack a simple physical justification of this result.
In harmonic traps, the predominant effect driving the approach of the vortices at large distances is hence the individual vortex motion driven by curvature and density gradients, independent of the presence of the other vortex. The scaling crossover in harmonic traps is thus governed by the balance between the interaction of the reconnecting strands and the driving of the individual vortices, as it occurs for the ring -line reconnection in homogeneous BECs described previously.
The nature of this scaling crossover is confirmed by the investigation of vortex reconnections in box-trapped BECs, outlined in Supportive Information SI.4 (see, in particular, Fig. S3 ). In these trapped systems, the motion of individual vortices is driven by vortex images, leading to a linear scaling at large distances. At small distance we again recover the δ ∼ t * 1/2 scaling. The scaling crossover appears hence to be a universal feature of quantum vortex reconnections when extrinsic factors driving individual vortices exists. the cross-over to the δ ∼ t * 1/2 scaling occurs when the vortex cores start to merge (bottom part) for t *
(dashed line).

The role of density depletions
Current and previous GP simulations of reconnections in homogeneous and trapped BECs, see a clear symmetric pre/post-reconnection t * 1/2 scaling in the region δ * 5, irrespective of the initial condition. The effect is robust and mostly went unnoticed, as the prefactors a 1/2 in Eq. (5) may vary depending on the conditions and between the approach/separation [76] ). Figure 7 shows the condensate density along the line containing the separation vector between two reconnecting vortices (taken to be the ring-line scenario in a homogeneous system), as a function of t * and the distance r * = r/ξ to the mid-point of the separation segment. It is clear that for t * 10, which is when the t * 1/2 scaling appears, the density between the two vortices drops dramatically. This behaviour is generic -we obtain it also for any vortex reconnection set-up and across homogeneous and trapped BECs. This result confirms the analytical work of Nazarenko and West [18] , who Taylor-expanded the solution of the GP for reconnecting vortex lines and predicted the observed t 1/2 scaling in this limit of vanishing density (in this limit the cubic nonlinear term vanishes, reducing the GP equation to the linear Schrödinger equation).
CONCLUSIONS
We have addressed the question of whether there is any universal route to quantum vortex reconnections. By applying rigorous dimensional arguments, we have found that the minimum distance between reconnecting vortex lines obeys two universal scaling law regimes: the previously-established δ * ∼ t * 1/2 scaling and a new δ * ∼ t * scaling, as summarised schematically in Fig. 8 . Our conclusion is supported by experiments and computer simulations performed using the two main mathematical models available (the Gross-Pitaevskii equation and Vortex Filament method) across geometries relevant to trapped condensates and superfluid helium and over distances one order of magnitude larger than in previous works. The cross-over between the two regimes is determined by the balance between mutual interaction of the two reconnecting strands and the individual driving of the vortices by extrinsic factors, such as curvature, density gradients and boundaries/images.
Finally, we have found that the δ * ∼ t * 1/2 scaling is universally observed as soon as the vortex cores start merging, indipendently of the initial vortex configuration and trapped potentials (for confined BECs).
FIG. 8. Universal routes to the reconnection of two vortex lines. Top left (red):
In the interacting case, the vortex separation δ is determined by the mutual interaction of the two reconnecting vortex strands. Top right (blue): In the driven case, the separate motion of each vortex, hence δ, is set by the background density gradient, or by the presence of images, or by the curvature of the vortex lines. In some vortex configurations, a crossover occurs between these two regimes.
L.G., C.F.B. and N. 
Supporting Information
SI.1: DIMENSIONAL ANALYSIS
In the main text, we conjectured that the minimum distance δ between reconnecting vortex lines depends upon the temporal distance t to reconnection, the quantum of circulation κ, a characteristic lengthscale associated to the geometry of the vortex configuration, the density ρ and the density gradient ∇ρ, postulating the existence of a functional relation f such that
Following the Buckingham π-Theorem [1] , there are only three independent dimensionless quantities, π 1 , π 2 and π 3 , which we choose as: π 1 = δ 2 /(κt), π 2 = δ/(κt) and π 3 = ρδ/(κt∇ρ). Other dimensionless quantities can be assembled from the same physical variables, but they would depend on π 1 , π 2 and π 3 .
Eq. (1) can be rewritten as π 1 = F 1 (π 2 , π 3 ), or, equivalently, as π 2 = F 2 (π 1 , π 3 ), or as π 3 = F 3 (π 1 , π 2 ). Choosing F 1 (π 2 , π 3 ) = C 1 , F 2 (π 1 , π 3 ) = C 2 and F 3 (π 1 , π 2 ) = C 3 where C 1 , C 2 and C 3 are constant, we find the scalings reported in the main text, namely
δ(t) = C 2 κ t and (3)
where C 1 , C 2 and C 3 are non-dimensional constants. We conclude that there are two distinct scalings: δ ∼ t 1/2 and δ ∼ t.
SI.2: CURVATURE CONTRIBUTION
To find the velocity contribution v γ arising from the local vortex curvature to the relative approach velocity of the reconnecting vortex lines, dδ * /dt * , we proceed as follows. First we compute the velocities v γ,ring and v γ,line arising from local vortex curvature of the two points x ring and x line on the ring and on the line which correspond to the minimum distance. We assume that each velocity can be approximated by the velocity of a circular vortex ring [2] of radius R c corresponding to the local curvature 1/R c of that vortex strand, which is obtained by taking suitable derivatives with respect to arc length:
whereb is the unit binormal vector. Secondly, we project (v γ,ring − v γ,line ) on the separation vector δ = x ring − x line , obtaining v γ = (v γ,ring − v γ,line ) ·δ.
SI.3: VFM SIMULATIONS
Numerical simulations performed using the VFM (Vortex Filament Method) provide further evidence for the scaling laws presented in our article. The VFM [3] applies very well to vortex dynamics in superfluid helium turbulence because of the large separation of scales typical of such problem: D v ξ, where D is the size of the system, v the average intervortex distance, and a 0 the vortex core size. When using the VFM to study reconnections of quantum vortices [4] ), we must make the following important caveats. Firstly, the VFM does not give information about lengthscales of the order of or smaller than ∆ζ, defined as the spatial discretisation along the vortex lines; typically, ∆ζ/a 0 10 5 . Secondly, in the VFM, the motion of vortex line elements is governed by the Biot-Savart law, which formulates the classical Euler equation in integral form. Since vortex reconnections are outside the realm of Euler dynamics, and an ad-hoc artificial cut and paste algorithm must be implemented [5] (see Methods for further details). Because of the presence of the reconnections algorithm, the VFM cannot provide physical information at lengthscales smaller than 2∆ζ or 3∆ζ.
Still, information about the minimum vortex distance δ(t) obtained by the VFM at lengthscales sufficiently larger than ∆ζ is important and supports our argu-S2 ments. In Fig. S1 (left) , we report the scaling of δ for initially orthogonal vortices, separated by an initial distance δ * 0 = δ 0 /a 0 = 2.5 × 10 6 . For both pre/post-reconnection dynamics, we only observe the t * 1/2 scaling, as expected, as the motion of the vortex lines is governed by their mutual interaction. Fig. S1 (right) illustrates the temporal evolution of δ * for a ring -line reconnection, and clearly shows the scaling cross-over (arising from the balance between interaction and self-driven motions) which we observe in the corresponding GP simulations. Differently from GP simulations, however, the scale of the cross-over depends on the spatial discretisation ∆ζ of vortices, which constrains the smallest radius of curvature R c,min ∼ 5 ∆ζ which is numerically resolved. If δ > R c,min , the dynamics is mainly determined by the self-induced motion of the vortex-ring, leading to δ * ∼ t * . If δ < R c,min , the dynamics is mainly governed by the interaction between the two vortices, leading to δ * ∼ t * 1/2 . This crossover is best recognized in the pre-reconnection stage (open symbols) in Fig. S1 (right) , where the curve smoothly changes slope; the interpretation of the post-reconnection behaviour (filled symbols) is complicated by the presence of Kelvin waves. In order to study the scaling of the minimum distance δ with respect to time in further experimentally accessible geometries and with the objective of backing our interpretation of the scaling crossover outlined in the main text, we perform numerical simulations of vortex dynamics and reconnections in recently designed box-traps [6, 7] . The fundamental differences between box-trapped BECs and harmonically trapped BECs (investigated in the main text, see Figs. 5 and 6) are mainly two. First, in box-traps the density of the confined BEC is constant throughout the sample (exception made for a thin layer near the trap edges whose width is of the order of the healing length), while in harmonically trapped BECs the condensate density is maximum in the center of the trap and decreases parabolically when moving towards the boundaries of the trap. Second, while in box-traps the role of the vortex images with respect to trap boundaries is central in driving the motion of vortices [8] , in harmonic traps the vortex dynamics is determined by density gradients (arising from the inhomogeneous trapping potential) and vortex curvature [9] [10] [11] , while the role of images still remains an open question [8, 10, [12] [13] [14] .
The initial vortex configuration for the two simulations performed in box-traps is illustrated in Fig. S2 (a) , (b). The initial distance from the top/bottom boundary h * 0 = h 0 /ξ = 20 is constant for both simulations (where ξ is the healing length evaluated in the bulk of the condensate, i.e. away from the trap boundaries), while to investigate the role of images we choose two distinct values of d * 0 : d * 0 = 8.25 (dark yellow squares in Fig. S3 ) and d * 0 = 11.05 (red circles in Fig. S3 ). The existence of image vortices drives the vortices towards each other until they reconnect. The temporal evolution of the minimum distance δ * = δ/ξ is reported in Fig. S3 (left) . It clearly emerges that for t * 10, δ * follows a t * 1/2 scaling indicating that when vortex cores start merging, the predominant dynamics driving the approach of the vortices is the interaction between the latter, consistently with the characteristics of vortex reconnections observed in homogeneous condensates (see Fig. 3 in main manuscript) .
In addition, for t * 200 in the approach dynamics, we again observe a linear scaling, i.e. δ * (t * ) ∼ a 1 t * , as in homogeneous BECs (see Fig. 3 in main manuscript) , implying a constant value of dδ * /dt * . In the present geometry, this constant projection of the relative velocity between vortices on the separation vector (i.e. dδ * /dt * ) coincides with the sum of the velocity magnitudes induced by the vortex images [8] ,
where: v 1 (v 2 ) is the velocity of the top (bottom) vortex; v 1,img (v 2,img ) is the velocity of the top (bottom) vortex induced by the corresponding image with respect to the lateral boundary of the trap at a distance d 0 (cfr. Fig. S2 (a), (b));
.65ξ being the average distance to the lateral boundary of the trap amongst the two simulations performed in box-traps; ξ is the healing length based on the bulk density n = µ/g, with µ and g being the chemical potential and the repulsive interaction strength, respectively; c = gn/m is the speed of sound;
is a non-dimensional function depending on the distance d 0 . Hence, for t * 200 in pre-reconnection dynamics we argue that δ *
This conjecture is confirmed in Fig. S3 (right) where we report the temporal evolution of the rescaled minimum distance Real-time dynamical simulations of vortex dynamics in BECs at temperature T = 0 are performed by numerically integrating the mean-field Gross-Pitaevskii (GP) equation,
for the complex macroscopic wave function Ψ(x, y, z, t), where m is the boson mass, V is the external potential and g = 4π 2 a s /m is the strength of the repulsive twobody interaction, a s being the atomic scattering length.
Our code uses second-order accurate finite differences in space and a fourth order Runge-Kutta method in time.
The algorithm for vortex tracking is based on the pseudo-vorticity unit vector
which is tangent to the vortex line along its length [15, 16] , where Ψ = Ψ + iΨ .
Homogeneous BECs. In homogeneous systems, the external potential V is zero and the wave function Ψ is normalized by Ψ 0 = √ n, where n = µ/g is the homogeneous density of an unbounded BEC in its ground state. By writing Ψ * = Ψ/Ψ 0 and introducing the healing length ξ = / √ 2mgn as the unit of length and τ = ξ/c as the unit of time, where c = gn/m is the velocity of sound, we obtain the following non-dimensional GP equation:
where the superscript ' * ' indicates non-dimensional variables. Hereafter all the quantities mentioned are dimensionless, unless otherwise stated, and the superscript ' * ' is omitted to ease notation.
Orthogonal vortices. We imprint two orthogonal vortices: the first is oriented in the negative z direction, the second in the negative y direction. ⊥ and = ω ⊥ , respectively, where ω ⊥ is the radial trapping frequency of the harmonic potential. The resulting non-dimensional GP equations is
where with · we indicate non-dimensional quantities, Ψ is normalized to unity ( V | Ψ| 2 dV = 1 where V is the volume), andg = 4πN a s / tr and N is the number of atoms in the condensates. Hereafter all the quantities which we mention are meant to be dimensionless unless otherwise stated, and the superscript · is omitted to ease notation.
Box Traps. We choose g = 2.35×10 4 and set the trapping potential to Harmonic Traps. We choose g = 7.4 × 10 3 and µ = 10. The trapping potential is
where ω x = 2π × 26 Hz is the axial trapping frequency, ω ⊥ = ω y = ω z = 2π × 131 Hz is the radial trapping frequency, and r ⊥ = (y 2 + z 2 ) 1/2 is the distance from the axis of the condensate. These parameters correspond to R ⊥ /ξ c = 2µ/( ω ⊥ ) = 20, where R ⊥ is the radial Thomas-Fermi radius and ξ c is the healing length evaluated in the center of the trap.
We imprint two orthogonal vortices as shown in 3 He-B, is even smaller. It is therefore appropriate to mathematically model quantum vortices as closed space curves of infinitesimal thickness s(ζ, t), where ζ is arclength and t time, moving in an inviscid Euler fluid according to the BiotSavart law [18, 19] ,
where the line integration is performed along the entire vortex configuration L and s (ζ, t) = ∂s ∂ζ is the unit tangent vector. Vortex-lines are discretised in sets of points s i (t) = s(ζ i , t), i = 1 . . . N , with initial spatial discretisation ∆ζ = 5 × 10 −5 m. The Lagrangian dynamics of the vortex points is hence obtained evaluating the discretised Biot-Savart integral starting from a given initial vortex configuration. The singularity of the Biot-Savart integral for η → ζ is fixed by taking into account the finite size of the vortex core, yielding [18, 20] the following decomposition between local and non-local contributions:
where time dependence has been omitted to ease notation, s is the normal vector at s(ζ), l ± are the lengths of the line segments connected to s(ζ) after discretisation, and the integral is evaluated on L , the original vortex configuration L without the line segments adjacent to s(ζ).
Reconnections are not intrinsically predicted by the VF method, as Euler inviscid dynamics forbids such changes of topology. As a consequence, an additional algorithm has to be employed which changes the topology of the vortex configuration when two vortex lines become closer than an arbitrary threshold distance which in this work we set to ∆ζ/2. Moreover, in order to model the dissipative nature (phonon emission) of reconnecting events [21] , the numerical cut and paste reconnection algorithm reduces vortex length (which is taken as a proxy for the kinetic energy of the vortices). It is important to stress, in fact, that given the lengthscales of the flow investigated (much larger than the characteristic lengthscale of density variations in superfluid helium), the VF method is an incompressible model. Several reconnections algorithms have been introduced in VF method literature. Importantly, a recent analysis [5] has showed that all these algorithms produce very similar results, at least in the context of superfluid turbulence.
The number of discretization points, N , changes with time as the simulation progresses (discretization points are introduced or removed to maintain the numerical resolution along the vortex filaments.) In the present study, if the separation between two discretization points becomes greater than ∆ζ, a new intermediate point is inserted with the constraint of preserving the vortex curvature. Similarly, if the separation becomes less than ∆ζ/2, points are removed in order to ensure that our shortest scale which is numerically resolved does not change [22] .
In the present work, time integration is performed employing a third order Runge-Kutta method with time step ∆t = 5 × 10 −4 s, while all spatial derivatives are approximated using fourth-order finite difference schemes which account for varying mesh sizes along the vortex filaments [22, 23] . 
M6
Videos M6.A and M6.B are a rendering of the reconnection between a vortex ring and a vortex line with initial minimum distance δ * 0 = 2 × 10 7 and initial vortex ring radius R * 0 = 1.2 × 10 7 , computed employing the VF method.
